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Abstract 

<N ■ , 

We show that any compact quantum group having the same fusion rules as the ones of 
, 50(3) is the quantum automorphism group of a pair (A, ip), where A is a finite dimensional 

C*-algebra endowed with a homogeneous faithful state. We also study the representation 
category of the quantum automorphism group of (A, ip) when ip is not necessarily positive, 
generalizing some known results, and we discuss the possibility of classifying the cosemisimple 
(not necessarily compact) Hopf algebras whose corepresentation semi-ring is isomorphic to 
that of 50(3). 

< 

The quantum automorphism group of a measured finite dimensional C*-algebra [A, ip) (i.e. a 
finite-dimensional C*-algebra A endowed with a faithful state ip) has been defined by Wang in 
|23] as the universal object in the category of compact quantum groups acting on (A,<p). The 
corresponding compact Hopf algebra is denoted by A au t{A, ip). 

The structure of A au t(A, tp) depends on the choice of the measure ip, and the representation 
theory of this quantum group is now well understood |2j E| , provided a good choice of (p has been 
done, namely that ip is a 5-form (we shall say here that <p is homogeneous, and that (A, ip) is a 
homogeneous measured C*-algebra). Banica's main result in [21 [3] is that if ip is homogeneous and 
dim(j4) > 4, then A au t(A,p) has the same corepresentation semi-ring as SO(3). See also |12j . 
The result can be further extended to show that the corepresentation category of A au t(A, ip) is 
monoidally equivalent to the representation category of a quantum 50 (3)-group at a well chosen 
parameter, see |13| . 

Then a natural question, asked in [3], is whether any compact quantum group with the same 
fusion rules as 50(3) is the quantum automorphism group of an appropriate measured finite- 



dimensional C*-algebra. The main result in this paper is a positive answer to this question. 

Theorem 1.1. Let H be a compact Hopf algebra with corepresentation semi-ring isomorphic to 
that of S0(3). Then there exists a finite dimensional homogeneous measured C* -algebra {A,ip) 
with dim(A) > 4 such that H ~ A au t(A, ip). 

Recall that if G is a reductive algebraic group, a G-deformation is a cosemisimple Hopf 
algebra H such that 1Z + {H) ~ 1Z + ((D(G)), where TZ + denotes the corepresentation semi-ring. 
The problem of the classification of G-deformations has been already studied for several algebraic 
groups: see [Ml E [HI E] for SL(2), [HI EI] for GL(2), and [H] for 5L(3). Thus Theorem O 
provides the full description of the compact 50(3)-deformations. 

The next natural step is then to study the non-compact 50(3)-deformations. For this pur- 
pose we study the comodule category of A au t(A, <p) with <p non necessarily positive and give a 
generalization of the results from [21 E], [HJ [13] (together with independent proof of these results), 
as follows (see Section 2 for the relevant definitions). 
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Theorem 1.2. Let (A, <p) be a semisimple algebra endowed with a normalizable measure ip, with 
dim A > 4. Then there exists a C-linear equivalence of monoidal categories 

Comod(A aut {A,<p)) ~® Comod(0(50 g (3))) 

between the comodule categories of A au t(A,ip) and 0(SO q (3)) respectively, for some well-chosen 
q G C*. 

We have not been able to show that all S'0(3)-deformations arise as quantum automorphism 
groups as in the previous theorem. However see Section 5 for partial results in this direction. 
Note that the monoidal reconstruction theorem of Tuba-Wenzl |22| in type B does not indicate 
clearly that quantum £0(3)-deformations all should be quantum automorphism groups. 

This paper is organized as follows: in Sec. 2, we fix some notations and definitions, state 
some basic facts about compact Hopf algebras, finite dimensional algebras and we recall the 
construction of the quantum automorphism group of a finite dimensional, semisimple, measured 
algebra. Theorem 11.11 is proved in Sec. 3, thanks to a careful study of the fusion rules of 
SO(3). In Sec. 4, we prove Theorem 11.21 by building a cogroupoid linking these Hopf algebras 
and studying its connectedness and in Sec. 5, we prove some classification results about Hopf 
algebras having a corepresentation semi-ring isomorphic to that of SO(3) . 

2 Preliminaries 

2.1 Compact Hopf algebras 

Let us recall the definition of a compact Hopf algebra (see |14j): 

Definition 2.1. 1. A Hopf *-algebra is a Hopf algebra H which is also a *-algebra and such 
that the comultiplication is a *-homomorphism. 

2. If x = (xij)i<ij< n € M n {H) is a matrix with coefficient in H, the matrix (x*j)i<i.j< n is 
denoted by x, while x 1 , the transpose matrix of x, is denoted by x* . The matrix x is said 
to be unitary if x*x = I n = xx*. 

3. A Hopf *-algebra is said to be a compact Hopf algebra if for every finite-dimensional H- 
comodule with associated multiplicative matrix of coefficients x E M n {H), there exists 
K € GL n (C) such that the matrix KxK -1 is unitary. 

Compact Hopf algebras correspond to Hopf algebras of representative functions on compact 
quantum groups. In this paper, we only consider compact quantum groups at the level of compact 
Hopf algebras. 

2.2 Finite dimensional semisimple algebras 

In this section, we collect some facts about finite dimensional algebras and introduce some 
convenient notations and definitions. 

Definition 2.2. Let A be an algebra. A measure on A is a linear form ip : A — >■ C such that the 
induced bilinear form ip om : A<2) A — > C is non degenerate. A measured algebra is a pair (A, ip) 
where A is an algebra and ip is a measure on A. 

Definition 2.3. Let < d\ < ■ ■ ■ < d n be some nonzero positive integers. We call a multimatrix 

n 

an element E = (Ei, . . . , E n ) € (J) GLd x (C). If tr(— ) is the usual trace, we denote: 

A=l 

n 

Tt{E) := 5>(£ A ), ix E := ©tr(£-"-) 
A=l 

E^ 1 := (E^ 1 , . . . ,E^ 1 ), E l := (E\, ... , E l n ) 



2 



and we say that E is positive if each E\ is positive. 

Let us recall some well known results. 

Lemma 2.4. Let A be a finite dimensional C* -algebra. Then there exist some nonzero positive 
integers < d\ < ■ ■ ■ < d n such that 



A=l 

n 

If <p : A — > C is a measure, then there exists a multimatrix E = (E\, . . . , E n ) € (J) GL^ A (C) 

A=l 

such that ip = tvE, and ip is positive and faithful if and only if E\ is positive for all 1 < A < n. 

n n 

Notation 2.5. For a multimatrix E € (|)GLd A (C), we denote by Ae the algebra (J)Md A (C), 

A=l A=l 
and we denote by (ejy \)kl \ its canonical basis. 

The following definition will be useful: 

n 

Definition 2.6. A multimatrix E = (E\, . . . , E n ) € GL d s(C) is said to be 

a=i A 

1. homogeneous if tr(E\) = tr(E^) ^ 0, for all A, fj, = 1, . . . , n 

2. normalized if Tr^^ 1 ) = tr(E\), for all A = 1, . . . , n 

3. normalizable if there exists £ € C* such that Tr^E)" 1 ) = tv(£E\), for all A = 1, . . . , n 

A measure <p = tr# and a measured algebra (A, </?) are said to be homogeneous (resp. normalized, 
normalizable) if E is a homogeneous (resp. normalized, normalizable) multimatrix, and we say 
that a measured C*-algebra (A, ip) is homogeneous (resp. normalized, normalizable) if ip is 
homogeneous (resp. normalized, normalizable) and positive. 

Example 2.7. The canonical trace used by Banica in j2| is homogeneous, as well as the <5-forms 
from [3]- 

Remark 2.8. 1. Note that a homogeneous multimatrix E is normalizable if Tr^E^ 1 ) ^ 0. 

2. Let us show how appear those quantities: let (A,(p) = (AE,tr#), be a finite dimensional 

semisimple, measured algebra, where E € 0GL rf £(C). Then we have: 

A=i x 

• tr E (l A ) = ME- 1 ) 

• Let 5 : C — > A ® A be the linear map defined by 

n <*a 

<5(1) = XI XI E lr,\ e kl,\ ® e rfciA . 
A=l fc,|,r=l 

Then 5 is the dual map induced by the bilinear map tr^om : A® A — >• C, and the 
following composition 

id ^¥ /l o A o. A m ® id A A o A m , A tr B, ^ t JP.\p-l 



A "^T A ® A ® A A® A — > A — ^ C, ejUjA ^ tr(£ A )££ 



fe/,A 



coincides with trg up to a nonzero scalar if and only if E is homogeneous. 
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2.3 The Quantum automorphism group A aut (A,ip) 

We can now recall the construction of the quantum automorphism group A au t(A,ip) for a finite 
dimensional, semisimple, measured algebra (A,<p) from |23| . 

Proposition 2.9. Let (A,<p) = (AeA x e) be a finite dimensional, semisimple, measured algebra 
and let (^ij,x)(ij,X) be its canonical basis. The quantum automorphism group A au t(A, ip) is defined 
as follows. As an algebra, A au t(A,ip) is the universal algebra with generators Xfy (1 < A, fi < n, 
1 < i,j < d\, 1 < k, I < d^) submitted to the relations 



E X ^\ X kl^ = S ^jk X U,^, E E X kk^ = S V ' 

q=l [i=l k=l 



fj.=l k,l=l r,s=l 

It has a natural Hopf algebra structure given by 



n d v 

a (4!a ) = E E x v l s » £ (4!a ) = = E E ^ wai 



u=l p,q=l r=l s=l 

and the algebra map a a ■ A — >• A (g> A au t(A, ip) defined by 

a A (e ij)X ) = J2Y1 e PW® X ij£ 

fj,=lp,q=l 

is a coaction on A such that ip is equivariant. 

If (H, a) is a Hopf algebra coacting on (A, ip) with an algebra morphism a : (^4, (p) — > (A, ip) (g) 
H, then there exists a Hopf algebra morphism f : A au t(A, ip) —¥ H such that (/ (g> id^) o a a = ot. 

If moreover E is positive, A au t(A, ip) is a compact Hopf algebra for the ^-structure 

y^kl,p) ~ ^lk,p- 

Then a a is a *-morphism and if H is a compact Hopf algebra, f is also a *-morphism. 

Example 2.10. 1. If X n is the set consisting of n distinct points and ip is the uniform proba- 
bility measure on X n , then A au t(C(X n ), ip) is the quantum permutation group on n points, 
sec [23]. 

2. Let (A,<p) = (M 2 (C),tr). Then A aut (A,p) ~ 0(PSL 2 (C)) ~ 0(S0 3 (C)). See 0D3]. 

3. Let q G C* and 



q- 1 
q 



Denote tr 9 := tr Fq . Then we have A aut (M 2 (C), tr q ) ~ 0(SO q i /2 (S)). 

Remark 2.11. 1. Let (AeA t e) be a finite dimensional, semisimple, measured algebra, where 
E = (Ei, . . . , E\ , . . . , E n ). Then we have a Hopf algebra surjection 

A aut (A E ,tv E ) -> vlaut(^£: Ao ,tr£; Ao ) 

given by 

X ij ' x i->. / Sx v X kl wlien ^ = ^0 
kl,ti 1 o~\p,o~ikO~jl otherwise 
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2. In view of the relations defining A au t(AE, tr p ), we have v4 au t(AE, trg) = ^4 au t(^E; tr^e) 

n n 

for all £ £ C*. Then if £7 £ (J)GL rf fi(C) i s normalizable, there exists F £ Q) GL d E(C) 

x=i A a=i A 

normalized such that Ae = Ap and A au t(AE, tr p ) = ^aut(^4_E ? tr P ). 

According to the properties of the trace, we have the following result: 

n 

Proposition 2.12. Let E,P £ ® GL^ (C) be some multimatrices. Then Ae = A PE p-i and 

A=l 

we have a Hopf algebra isomorphism 

A a ut(AE,tlE) — A aut (AE,tTp E p-i) 

Proof. The first assertion is obvious, and the rest follows from the universal property of the 
quantum automorphism group, with respect to the base change induced by the linear map 
M ^ P l MP- u and the fact that ti E {P t MP- u ) = tr PPP -i(M). □ 

3 50(3)-deformation: the compact case 

This section is devoted to the proof of Theorem 11.11 which classifies compact S'0(3)-deformations. 

Let us describe the fusion semi-ring 1Z + (0(SO(3))): there exists a family of non-isomorphic 
simple comodules (Wn)neN such that: 

W = C, W n ®Wi^Wi®W n 2iW n - 1 ®Wn®W n+ i, dim(Wn) = In + 1, Vn £ N* 

In the next few lemmas, we will use Schur's lemma in order to study the fusion rules of SO (3) 
and to reconstruct a measured C*-algebra associated to a compact S'0(3)-deformation. The 
different proofs being slightly technical, it seems useful to describe the example of 0(SO(3)) ~ 
^4aut(A^2(C), tr), following Proposition 3.2 in |11] . which motivate the Lemmas 13. 31 and 13.41 below 
and Theorem 11.11 

Example 3.1. Consider (A,(p) = (M2(C),tr) and the linear basis of A consisting of the unit 
quaternions 

'\ 0\ f-i 0\ A) -l\ /0 i 



These satisfy the following multiplication rules: 

e l = ~ e o, 1 < k < 3, eie 2 = e 3 , e 2 e 3 = ei, e 3 ei = e 2 . 

We introduce some notations: for 1 < k ^ I < 3, (kl) £ {1, 2, 3} is such that {k, 1} U {{kl)} = 
{1,2,3}, and let e^i £ {±1} be such that e^e; = e^e/^n. In particular, = — e^. 

{ei, e 2 , e 3 } is a basis of ker(tr) which can be identified with the simple comodule W = W\ in 
1Z + (0(S0(3))), and we have the decomposition 

M 2 (C) =C.e ®lV 

Define the following colinear maps: 

e : W <g> -> C, e(e fc ® e;) = -2 

3 



C4lf®f, e*(l) = -^^e fc ®e fc 



2 

fc=l 



C : W <8> W -> W, C(e fc <g> ej) = (1 - S k i)e M e {kl) 
D : -> W <8> W, £>(e fc ) = ^ £fc P e (fcp> <g> e p 
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This maps satisfy some (compatibility) relations which are described in the following Lemma 
13.31 with r = 3 and R = 1, and the multiplication in M2(C) = Ceo © W decompose into 

m(A®B) = -e(A®B)e Q @C(A®B) VA,BeW 

The rigidity provided by Schur's lemma and the fusion rules of W ® W will allow us to see 
that this situation essentially holds in the general case. 
We begin by a lemma: 

Lemma 3.2. Let F G M n (C), n > 3, be such that FF = ±I n . Then tr(FF*) > 2. 



Proof. First assume that FF = I n . Then according to |10] p. 724, there exists a unitary matrix 
U G M n (C) and some real numbers < Ai < • • • < Xk < 1 such that 

/ D(Ai,...,A fc ) 

U t FU= D(X 1 ,...,X k )- 1 

\ o I n _ 2fe/ 

where D(X\, . . . , Xk) denotes the diagonal matrix with the Aj along the diagonal. In that case, 

k 

tv(FF*) = Y,(>H + K 2 ) + n-2k>2 

i=l 

Now assume that FF = —I n . Then according to |10| p. 724, 4 < n is even and there exists a 
unitary matrix u G U n (C) and some real numbers < Ai < - • - < X n /2 < 1 such that 



U FU 

In that case, 



D(Ai,...,A n/2 ) 
-D(Xi, . . . , X n / 2 )~ l 

n/2 

tr(F*F) = ^Ar 2 + A2>2 

□ 

Lemma 3.3. Let H be a compact SO (3) -deformation, with fundamental comodule (W, a) en- 
dowed with an H -invariant inner product. Then there exist morphisms of H-comodules 

e:W®W^C C :W ®W (1) 

and some scalars r > 2, R G {±1} such that the following compatibility relations hold (where 
e* : C ®W is the adjoint of e and D := (id w ® C)(e* ® \d w ) : W ->• W ® W): 

(e ® idvy)(idvK ® e*) = Ridw {idw ® e)(e* ® id^y) = ffidw (2a) 

CD = id w ee* = ride (2b) 

Ce* = eD = (2c) 

e(C ® id w ) = e(idw/ ® C) (id w ® C)(e* ® id w ) = (C ® id w )(id w ® e*) (2d) 

(idw ® £>)e* = (I? ® idy^e* (idw ® e)(Z> ® idw) = (e ® idw)(idw ® D) (2e) 

(id w ® C)(D ® id w ) = (C ® idw)(idw ® D) = R(R - r)" 1 id VK ®2 + (r - 2?) _1 e*e + DC (2f) 
(idw ® D)D = R(R - r)- 1 (e* ® idw) + i?(r - i?)" 1 ^ ® e*) + (D ® idw)£> (2g) 
C7(idw ® C) = (J? - rp^idw ® e) + (r - i?) _1 (e ® idw) + C(C7 ® idw) (2h) 
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Proof. Let (u>i)i<i< n be an orthonormal basis of W and let (xi,-)i<j j< n be the associated unitary 
multiplicative matrix. Recall that we write x = From the fusion rules, we get dimVF > 3. 

We have W — W by the fusion rules, hence there exist F 6 GL n (C) and fl£R* such that 
x = F xF and FF = RI n . Up to a nonzero real number, we can assume that R E {±1}- The 
map e defined by 

e(wi <8> Wj) = Fji 



is //-colinear and we have 



Wi (8> Wj 



and e, e* satisfy ([2hb) for r = tr(F*F) > 2 according to Lemma 
The fusion rules of 50(3) give: 



W® W 



W®W? (FR) 



and there exists a nonzero (hence surjective) ff-colinear map C : W <8 W — > W. By Frobenius 
reciprocity, there exist isomorphisms 

*i : Rom H (W® 3 ,C) -> Hom#(W® 2 , W) 1 : Hom H (VF® 2 , W) ^ Hom^W^ 3 , C 

/ i-^ (idvy ® /)(e* (g) id w ®2) 5 Re(\d w ® g) 



^ 2 : Hom i? (W 03 , C) Hom^ (TU® 2 , VF) 

/ !->•(/ ® idw)(idvK®2 ®e* 



*2 1 : Hom H (VF® 2 , W) Hom H (VF® 3 , i 
<? h-> i2e((7 (8) idvy) 



$1 : Hom H (VF® 2 , W) Hom H (W, TU® 2 ) : Hom // (W / ® 2 , W) -> Homj^W, W® 2 ) 

/ (/(g)idv^)(idvK®e*) 5 i->- i?(id w <8> e)(g <g) id w ) 



$ 2 : Hom H (VF® 2 , W) Hom H (W, VF® 2 ) 

/ h. (id w <8 /)(e* ®id w ) 



Put 



$2 1 : Hom H (VF® 2 , VF) -> Hom H (TU, VF® 2 ) 

3 i->- i?(e(g)idw)(id^(8)5) 



D := $ 2 (C) = (idvK <8> C)(e* ® id w ) 



(3) 



By Schur's lemma, we can rescale C such that CD = Again by Schur's lemma, we have 

Ce* = et eD = 0. This gives relations (|2bc). 

Let us show that there exists u) € C* such that the following relations hold: 



e(C <8 idvy) = we(idiy (8 C) 
D = (\& w <g> C)(e* (8) id w ) = w(C (g) id^)(idvi/ ® e*) 
According to Schur's lemma and the isomorphism (FR), there exist oj\ and oj 2 such that 

e(C <g> idiy) = wie(idvi/, C) = u\R^ l {C) 

and 

(idw (8 C)(e* (8 idw) = w 2 (C <g> idw)(idw ® e*) = w 2 $i(C) 
Hence on the first hand we have 

wiC = R^i(e{C ®i& w )) 

= R(idw <8) e)(idu/ <8> C <8> id^)(e* <g> id^ <8> idw) 



(4) 
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(5) 



and on the other hand we have 

uj 2 C = $1 1 ((idw <8 C)(e* (8) idw)) 

= R(i&w ® e)(idw ® C ® idw)(e* ® idw ® idw) 

so wi = UJ2 '■= Since C = ® id w ) (id w ® e*)), we have 

Let us show that 

(idw ® e)(D ® idw) = w(e ® idw) (idw (8) -D) = o;i?C 
(idw <8> £>)e* = oj(D ® \d w )e* 

We have D = (id w (8 C)(e* ® idw) = w(C <8 id w )(idw ® e*) 

(idw 181 e)(JD <8 idw) = (idw ® e)(idw <8> C <8> idw)(e* <8 idw <8 idw) 

'S w(idw ® e)(idw ® idw <8> C)(e* ® idw ® idw) 

and 

(e ® idw)(idw ® -D) = (e ® idw)(idw <8 idw <8> C)(\dw ® e* ® idw) = -RC 
Hence (idw ® e)(D ® idw) = w (e ® idw)(idw ® D). Moreover 

(idw ® D)e* = w(idw ® C ® idw)(idw ® idw ® e*)e* 
= w(idw ® C ® idw)(e* ® idw ® idw)e* 

= u(D®\d w )e* 

Let us show that 

(idw ® C)(D ® idw) = w(C ® idw) (idw ® £>) (6) 

Using relations ([5]) and ([2^), we compute u> 2 (e®id H /®2)(idw®-t ) ®idw)(idw®-D) in two different 
ways: 

u?(e ® id H/ ®2)(idw ® D ® idw)(idw ® 

^ w(idw ® e ® idw)(-D ® idw ® idw) (idw ® D) 
= w(idw ® e ® idw)(idw ® idw ® D)(D ® idw) 
= (idw®2 ® e)(idw ® D ® idw)(-D ® idw) 

iO 

= (id w ®2 ® e)(id H /®2 ® C ® idw) (idw ® e* ® idw»2)(D ® idw) 
= w(idw®2 ® e)(idw®3 ® C)(idw ® e* ® id w m)(D ® idw) 
= a; (idw ® idw ® e)(idw ® e* ® idw) (idw ® C)(D ® idw) 

= #w(idw ® C)(D ® idw) 



w(e ® id w m)(id w ® D ® idw) (idw ® -D) 

w 2 (e ® id H /®2)(id W (8i2 ® C ® idw)(idw ® e* ® idw®2)(idw ® -D) 
w 2 (C ® idw)(e ® idw ® idw®2)(idw ® e* ® idw®a)(idw ® D) 

i?w 2 (C® idw)(idw ® D) 
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and hence (idw <S>C)(D <S> idw) = w(C ® idw) (idw ® I?). 

Let us show that w 3 = 1. Denote ^4 := uj 2 e(C ® idw) (idw ® D)e*. On the first hand, we 
have: 

A = w 2 e(C ® idw)(idw <E> £>)e* 

= ue(id w ®C)(D<S> id w )e* 

= e(C ® id w )(D ® id w )e* 
* 

= ee 

On the second hand, we have: 

A = u 2 e{C <g> idw)(idw ® D)e* 



m. 3 



oj 6 e(C ® id w ){D ® id w )e* 
= u 3 ee* 

Hence a; 3 = 1. 

By Frobenius reciprocity, we have isomorphisms 

$ : End H {W® 2 ) -> Hom H {W, W m ), f ^ (idw ® /)(e* ® idw) 
* : Endjf(W® 2 ) -4 Hom H {W, W® 3 ), f ^ (/ ® idw)(idw ® e*) 
Using relations ([5]) and (|2hb) we can compute the following: 

$((idw ® C)(D ® id w )) = w(D ® id w )D *((idw ® C)(D ® idw)) = w 2 (idw ® £>)£> 
${DC) = (id w ® D)D V(DC) = oo 2 {D®id w )D 

$(e*e) = R(id w ® e*) <f(e*e) = i?(e* ® idw) 

$(id w ®2) = (e* ® idw) v^id^a) = (idw ® e*) 

It is clear by (i^i?) and Schur's lemma that {id^®2, e*e, DC} is a basis of End#(VF ® W). 
Let a, (3 and 7 G C be such that 

B := (idw ® C)(D ® idw) = w(C ® idw) (idw ® £>) = aid^/02 + /3e*e + 7DC (7) 
First, using relations ([D) and (J2b), we have eB = uj 2 e = (a + r/3)e so a + t/3 = uj 2 . We also have 

uj 2 <S>(B) = (D ® idw)£> = w 2 a(e* ® idw) + w 2 i?/3(idw ® e*) + w 2 7 (idw ® D)D (8) 

and 

¥(£) = w 2 (idw ® £>)-£> = a(idw ® e*) + i2/3(e* ® idw) + iu 2 {D ® idw)-D (9) 
which lead to the following relations between the coefficients: 

a + t/3 = to 2 
a + uR<yfi = 
R/3 + uj*ya = 
7 2 = u 

In particular, a / / /9. Consider now uj 2 C(C ® idw)*£(-B) G End#(W). On the first hand we 
have: 

C(idw ® C){D ® idw)£> = = C(Qid w ®2 + /3e*e + 7 £>C)£) ® (a + 7 )idw 
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On the other hand, we have: 

C(id w ® C) (iv 2 a(e* ® idw) + u> 2 R/3(id w ® e*) + ^^(idw ® D)D) 

=uj 2 aC{\ ® C)(e* idw) + u 2 RPC{l ® C)(idw ® e*) + w 2 7 C(l ® C)(idw ® £>) 

= cj aCU + ui 'yia.w = w (a + j)idw- 

Hence 

a + 7 = u 2 (a + 7) 

By relation flUJ), we have the identity 

(idw <%>B)(D® id w )D = oj(B ® idw)(idw ® £>)£>, 
of which we develop the two sides: 



(id w <g)B)(D(g)id w )D 




13 



a(L> ® idw)£> + wi?/3(idw ® e*) + j(id w ® £>)(idw ® C)(£) ® idw)£> 

a(.D ® idw)-D + ujRfi{id w ® e*) + 7(idw ® J D)(aid w/ ® 2 + /3e*e + jDC)D 

a(D ® idw)-D + wi?/3(idw ® e*) + (07 + 7 2 )(idw ® D)D 

a(D ® idw/)!) + wi?/3(idw ® e*) + (07 + u){uja{\d w ® e*) 
+ wi?/3(e* ® idw) + ® id w )D) 

{a + auj + ujj){D ® idw)£> + + a 2 7 + ua)(id w ® e*) 

+ wi?/3(cry + w)(e* ® idw) 



w(.B ® idw)(idw ® D)D 







wa(idw ® ^)-D + ujR(3{e* ® idw) + w 7 (-D ® idw)(C ® idw) (idw ® D)D 

wa(idw ® D)D + wi?/3(e* ® idw) + j(D ® idw)(idw ® C)(I} ® idw)-D 

wa(idw ® £>)£> + uR(3(e* ® idw) + t(-D ® idw)(addw®2 + /3e*e + -yDC)D 
=a;a(idw ® D)D + ujRj3(e* ® idw) + (<*7 + 7 2 )(-D ® idw)£> 

= ua(uja(idw ® e*) + ujR(3(e* ® idw) + 7(-D ® idw)-D) 

+ wi?/3(e* ® idw) + (07 + 7 2 )(^ ® id w )D 
=o; 2 o 2 (idw ® e*) + uR/3(uja + l)(e* ® idw) + (wcry + 07 + 7 2 )(£> ® idw)£> 
This leads to several relations between the coefficients. In particular, we collect: 

a + 7 = uj 2 {a + 7) 
a + uia + o;7 = wcry + 07 + 7 2 

CK7 + U) = UJOL + 1 
2 
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a; 



Assume that to 2 ^ 1, then: 



a d + 1 = 



I 7 
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To summarize, we have 



' a + r/3 = u> 2 

a + cuR-y(3 = 

a = —7 

a 3 + 1 = 
2 



< a 3 + l 



I 7 



UJ 







a + r/3 = u) 
a = —7 
a + R/3 = 

lw = 7 _1 



In particular, we have 



a + r/3 = oj => a — rRa 



-a 



Thus r = 2i?, which contradict Lemma 13.21 Hence uj 2 
consider once more the equality 



a(2 - Rt) = 

1 = uj 3 and w = 1. Moreover, we can 



OJ = l 



and we have 7=1. 
Hence, we have 



and, in view of [71 we have 



07 + w = coa +1 cry + 1 = a + 1 

7 = u; = 1, t ^ R 

a = -R/3 = R(R-t)- 1 

\-i„*. 



5 = R(R - T )~hd w m -(R- r)" i e*e + DC 

which gives relations ([2J), and from relations ([9]), we get relation (J2g). Finally, we have an 
isomorphism 

ft : End H (W® 2 ) — >• Hom H (H/® 3 , W) 

f 1 — >-i?(id W (8)e)(/®idw) 

In particular, using relations ([2hbc) and (j4|), we can compute the following: 

n((id w <S>C)(D<g) id w )) = C(id w ® C) 

n(DC) = c{c®id w ) 

Q(e*e) = (e <8> idw/) 
ft(id H /®2) = i?(idu/ <8> e) 

This isomorphism applied to the relation ([2f) gives the relation (|2h). □ 

The next lemma will allow us to define the *-structure on the algebra (^4, </?) in Theorem 11.11 

Lemma 3.4. Let H be a compact SO (3) -deformation, with fundamental comodule (W, a). Then 
R = 1 and there exist an antilinear map * : W — > W such that: 



e{v* ® w*) = e(w <S> v), 

e(w <g> w*) > 0, 

C(v* ®w*) = C(w®vY 



Vv G W, 
Vv, w G W, 
Vu; G W\(0), 
W, u; G W. 



(10a) 
(10b) 
(10c) 
(lOd) 



Proof. Let («Jj)i<j<n be an orthonormal basis of H^ and let {xij)\<ij< n be the associated unitary 
multiplicative matrix of coefficients. According to the beginning of the previous proof, the 
generators Xij and x*j are linked by the relations x = F~ 1 xF, F G GL n (C) satisfying FF = RI n: 
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R E {±1}- Let * : W — > W be the antilinear map defined by w* = ^2 k w k F k i. Note that we 
have 

n n 

e*(l) = FjjUJi 8) = (g) w*. (11) 

i,j=l i=l 

For 7 € C*, denote C 7 = 7C. We begin to show that, with 7G{l,i}if-R=l and 7 G {1 ±i} 
if R = — 1 (where i 2 = —1), the following relations occur: 

w;** = Rw, Vv G W, (12a) 



e(v* ®w*) = Re(w®v), Vv,w£W, (12b) 

e(^«)*)>0, Viu€W\(0), (12c) 

C7 7 (f* ®«;*) = C y (w^v)*, Vv,weW. (12d) 

We have 

^i* = (^Wfc-Ffci)* = ^^fc-Ffci = ^wiFikF k i = Run 

and relation (|12k ) follows. 

Let us check the second relation. On the first hand, we have e(wi <8> Wj) = Fji by definition, 
and on the other hand, we get 

e(w* ® = ^ F ki FijF k i = RFji = Re(wi ® iu,-) 
k,l 

and relation (|12b ) follows. 

Relation (|12b ) can be seen as follows. Let u; = ^ILi -^^i ^ W, to 7^ 0, we compute 

e(io = ^ \i\je(wi ® w*) = Xi\jF kj F ki 



k i j k i i 

To show relation (|12fl ). remark that we have, for all 1 < i < n, 

) = a ( W k) F ki = ^2 W P ® X Pk F ki 
k k,p 

= ^2w p ® (xF) p i = ^ W P ® (-^)pi 



(13) 



p p 

kit 



^2w p ® F pk x* ki = ^2w* k ®x* k 
k,p k 



Define the antilinear map 

# :W (&W ^-W ®W,v ®w {v ® w)* := w* <8> v* 
According to (|12b). it is an involution and we have, for all 1 < i,j < n 

oiw®w{{wi <8> wj)*) = ^{wk <S> wi)* ® (x ki xij)*. 

k,l 

Hence the map 

C :W ®W -^W,w^ C{w*)* 

is i7-colinear, and by Schur's lemma, there exists A G C such that C = AC. In the same way, 
define the colinear map 

D :W -^W ®W,w i-> D(w*)*. 
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Using relations (jSJa) and (fT2b ). it is clear that CD = Ridw- Moreover, we have D = (C <g 
idw)(idvi/ <8> e*). Indeed, for all 1 < i < n, 

D«)#§ ((id w ®C)(e*®id w )(w*))* W (^2w p 0C(w;®w*))* 

v 

= ^2 c ( w p ® w tT ® w p = J2 c( w i ® ^p) ® w p 

V V 

® ((7 <g id»r)(idw ® e*)(«fi). 

Hence, according to relation (j2jo) , C*-D = A 2 idvi/ , and A 2 = R. Choose 7 € C*, with 7 G {l,i} if 
i?=l,7G{l±i} if /? = —!, such that 7-RA = 7, we have the claimed relation (|12fl ) 



C y (v* <g to*) = jRX(C(w ® u))* = 7~(CO u))* = C 7 (u> ® v)*, V u, w G W. 

Let us show that i? = 1. We assume that R = —1 and we use relation (|12fl ) with 7 G {1 ± i}. 
On the first hand, we have, for v, w G W, 

C^(w <g> u)** ^ ) -C 7 (io (8) v) 

and on the other hand, we have 

C^w <8> v)** ^ (C>* ® io*))* ^ C 7 K* ® v**) ^ C 7 (w ® u). 

Since C 7 7^ 0, this is a contradiction, and R = 1. 

So far, we have the relations (fTOa bc). Let us show the remaining relation (jlOt i). For all 
v,w G W, we have C(u <g w)* = XC(w* (g v*) with A G {±1}, and we need to show that A = 1. 
For all 1 < i < n and all v G W, using (fTOb ). we have 

e(C(v <g Wi) <g C(v <g u;,)*) > 0. 

Hence, for all u G W\(0), we have 

n n 

< ^2e(C(v<g>Wi) <g)C(v<g>Wi)*) = \ ^2e(C(v®Wi) <g>C(w* ®v*)) 

i=l i=l 
py, n n 

(g Wi <g «;*) <g i> *) = Ae(C(C (g idw)(w <B> ^(^j ® «>*)) ® «*) 

i=l i=l 

W Ae(C(C (g id^)(id w (g e*)(u) <g u*) = \e(CD(v) ® u*) 

®» \ f *\ 
= Ae(t> <g u j 

Since e(i> tg u*) > 0, we have A > hence A = 1, and we have the claimed relation (fTQl i). □ 

We are now able to prove Theorem ll.il that is, to show that any compact S'0(3)-deformation 
is isomorphic to the quantum automorphism group of a finite-dimensional measured C*-algebra. 

Proof of Theorem li.il Let H be a compact Hopf algebra whose corepresentation semi-ring is 
isomorphic to that of SO(3). We write (Wn)neN its family of simple comodules and we denote 
by W := Wi its fundamental comodule, with a' w the associated coaction. We use the notations 
introduced in the previous lemmas. 
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The first thing to do is to define a finite-dimensional measured C*-algebra (A, ip) together 
with an .ff-coaction. Let A be the .ff-comodule C(BW, dim(j4) > 4. Endow A with the following 
maps: let m : A ® A — > A, u : C — > A and p : A — > C be the //-colinear maps defined by 

m(X (g> fi) = A/i, VA, /t € C, 

m(X <g>v) = m(v ® A) = Xv, VA € C, v eW, 

m(v (g> w) = ((r — l)~ l e(v <g> w),C(v <g> w)) , Vu, w G W 7 , 
u(l) = (1,0) := 1 A , 

p(A,«) = A, VA € C, v eW, 

and let * : ^4 — >• ^4 be the antilinear map defined by: 

(X,v)* = (X,v*) 

where * : W — > W is the antilinear map defined in Lemma [37 



m is associative: The only non-trivial part is to check the associativity on W. This is done 
as follows: 

m(m <g> 'i&w)\w®W®W = ((r - l) _1 e(C ® khy), C(C ® idiy) + (r — l) _1 (e ® idw)) 

((r - l)-^^ ® C), C(id w ® C) + (r - l) _1 (id w ® e))- 
= m(id w (8) m)| W0Wl8W 

Now we simplify the notations by writing the product m((A,u) <S> (//,w)J := (X,v)([i,w). 
u is a unit: This is clear. 

A is a *-algebra: * : A — > A is indeed an antilinear involution by Lemma 13.41 and we have 

((\,v)(n,w))* = ((A/i+ (r- l) 4 e(»®w), Aw + /xv + C(v <g> w))* 
= (A/I + (r - l) _1 e(t> <g) if), Aw* + /xu* + C(v <g> w)*) 

(jfX + (r - l)- l e{w* ® v*), Aw* + JIv* + C(w* <g> «*)) 

= (/ i ,w)*(A, w r. 

</? is a faithful state on j4: we have (^(1^) = 1 by definition, and 

p((X,w)(X,w)*) = p(XX + (r - l) _1 e(w (g> w*), Aw* + Aw + C(w (g> w*)) 
= |A| 2 + (r - l) _1 e(w ® w*) 
Hence according to Lemmas 13.21 and 13.41 we have, for all (A,w) £ A 

<p((\,w)(\,w)*) >0 
with equality if and only if (A, w) = 0. 



Thus A is a finite dimensional *-algebra having a faithful state, and is a C*-algebra. There 

n 

exists a positive multimatrix E € ® GL d E(C) such that (A,(p) ~ (Ae^e)- By Lemma 13.4 

A=i A 

and its proof, and by construction of the structure maps, A is a i!f-comodule *-algebra and ip is 
equivariant, thus by universality, there exists a Hopf *-algebra morphism / : A au t(A, ip) — > H 
such that (idw ® /) ola = a> A- Finally W = ker(</?) is a A au t(^4, </?)-subcomodule of A, and by 
definition of the coactions on A, we have (id^y ® f) o aw = ot' w . 

Recalling Remark I2.8[ we can compute the quantities Tr(i? -1 ) and tr(E\). 
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. <p(l A ) = l = Tr(E- 1 ). 

• The map 

^> v4(g)A(g)^ ,4 (g> ,4 ,4 C 

is a B-colinear map. Using Schur's lemma, we have dim(Hom#(^4, C)) = 1, hence there 
exists c S C such that </3 = C(p. Let us compute (^(1^). A basis of A is given by a\ = 1^, 
Oj = lUj-i for i = 2, . . . , n + 1. Then we have 

1 if i = j = 1 

if i = 1 ^ j or i 7^ 1 = j 

(r — 1)~ 1 i f1 ,-_i j_i in the other cases 

Hence <5 is given by 

71+1 

5(1) = £ B^ai ^ = 1a ® 1a + (r - l)e*(l). 
»,j'=i 

Hence, using relation (J2b), we have <£>(1a) = t + 1 > 3, so </3 = (t + 1)(/j. Comparing with 
the formula in Remark 12.81 we have tr(B^) = t + 1 / 0, for all 1 < A < n. Hence <p is a 
homogeneous state. 

We have (A,<p) ~ (A^tr^) with Trf^ET 1 ) ^ / tr(B A ) = tr(B M ), for all 1 < X,fi < n, that is, 
(A, ip) is normalizable by Remark 12.81 

To summarize, there exist a homogeneous measured C*-algebra (A, ip) and a *-Hopf algebra 
morphism / : A au t(A, if) — > B such that C ^4 is a ^4 a ut(A </?)-subcomodule and (idjy (g> /) 
aw = a'jy, where aw is the coaction on W of A aut (A,ip). According to [21 [3], A aut (A,(p) is 
a compact S'0(3)-deformation and we write (W^) n ^ its family of simple comodules. Then we 
have f*(Wi) ~ Wf 1 , and by induction, we have /*(W^f) ~ W,^ for all n € N, hence, by a 
standard semi-ring argument, / is an isomorphism of *-Hopf algebras and H ~ A au t(A,(p). □ 

4 Representation theory of quantum automorphism groups 

We now investigate the case where (p is not necessarily positive, and the aim of this section is to 
prove Theorem 11.21 

We will construct equivalences of monoidal categories by using appropriate Hopf bi-Galois 
objects (see |20j). We will work in the convenient framework of cogroupoids (see [9]). 

Definition 4.1. A C-cogroupoid C consists of: 

• A set of objects ob(C). 

• For any X,Y € 06(C), a C-algebra C(X,Y). 

• For any X, Y, Z € 06(C), algebra morphisms 

Af >Y : C(X, Y) -> C(X, Z) ® C(Z, Y) and e x ■ C(X, X) -> C 
and linear maps 

5 x ,y :C(X,Y)^C(Y,X) 

satisfying several compatibility diagrams: see [9], the axioms are dual to the axioms defining 
a groupoid. 

A cogroupoid C is said to be connected if C(X,Y) is a nonzero algebra for any 1,7 £ 06(C). 



Bjj := ip(aiaj) = < 
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HE 



II F 



Let £6 GL d s(C) and £6 GL d F(C) be two multimatrices. We denote dg := d„ B and 



A=l 



H=l 



dp := d][ F - The algebra »4(F, F) is the universal algebra with generators X^' (1 < A < ng, 
1 < i,j < djf, 1 < /i < ra_p, 1 < k, I < dj^) submitted to the relations 



np <V 



9=1 

n e a v 



V F-l TT^''/ 1 — p-1 

/ ^ / y ^kl^ij^ ~ r ij,\> 

H=l k,l=l 



^2^2 X kk,^ — <%> 

A*=l fc=l 

< 



r,s=l 



It is clear that ,A(F, F) = A au t(^4_B, trg) as an algebra. 
We have the following lemma: 

n E n F n G 

Lemma 4.2. • For any multimatrices E € ©GL^^), £ 6 GL d F (C) and G £ 0GL d c(C) ; 



i/iere exist algebra maps 



A=l 



u=l 



A% F : A(F, F) -> ,A(F, G) ® .A(G, F) 



denned Ag = £ E ® « < ^ < n^, 1 < i, j < rff ; 1 < ^ < n F; 



i/=lr,s=l 



I < k,l < df^ ) ant 



e E ■ A{E) 



defined by £e(X 1 ^) = 8i k 8jiSx^ (1 < A,^ < 1 < i,j < df , 1 < k,l < d^) such that, 



/or any multimatrix M € 0GL d ju(C), i/ie following diagrams commute: 



A(E,F) 



A G 

E.F 



AM 

E.F 



A{E,G)®A{G,F) 

A| f G ®id 



.4(F, M) ® ^(M, F) *■ „4(F, M) <8> ^4(M, G) .A(G, F) 



^(F,F) 



.A(F,F) 



E.F 



A E 

E.F 



A(E, F) ® .4(F) — A(F, F) .A(F) ® ^l(F, F) — g. ^(F, F) 



7l£; If 

For any multimatrices E € 0GL d s(C) 7 F € 0GL d F(C) ; i/iere exists an algebra mor- 



phism 



A=i " /j=1 

S'e.f : ^(F, F) ^(F, F) op 

r=ls=l 

1 < k,l < dF) such that the following diagrams commute: 



d E d F 

defined by S E , F {X%V) = £ E E jr,\Fs~iu X ri\ i 1 < A < n E , 1 < i,j < df, l<fi<n F , 

r=ls=l 
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A(E) 



A(E,F)®A(F,E) 
A{E). 



■C *A(E,F) 



■A(E,F)®A(E,F) 



A(F, E) 



A(E, F) <g> ^(F, £) 



■ A(F, E) <g> A(F, E) 



Proof. The existence of the algebra morphisms is a consequence of the universal property of 
A(E,F), and the commutativity of the diagrams can easily be checked on the generators. □ 

The previous lemma allows us to define a cogroupoid in the following way: 

Definition 4.3. The cogroupoid A is defined as follows: 

n 

1. ob(A) = {E€ ©GL dB (C); d E > 1}, 

A=l A 

2. For E,F E ob(A), the algebra A(E, F) is the algebra defined above, 

3. The structural maps A J £,, and S» u are defined in the previous lemma. 

Remark 4.4. 1. The condition oIe > 1 rules out the case of A au t(C(X n ),ip). This is discussed 
in the Appendix and a solution is provided by Theorem 14.81 



2. The present construction is related to the bialgebras constructed by Tambara in |21j . 

We now need to study the connectedness of this cogroupoid. We begin by the following 
technical lemma (we refer to the Appendix for its proof): 



Lemma 4.5. Let E, F 6 ob(A). Assume that Tr(F -1 ' 
A, [i. Then the algebra A(E, F) is nonzero. 



Tr^" 1 ) and tr(E x ) = tr(FJ for all 



In particular, we have the following corollary. 
Corollary 4.6. Let r, 9 € C. Let A T,e be the full subcogroupoid of A with objects 

1 < d E , 



ob(A T ' ) 



Ee 0GWC) 

A=l A 



Tr^" 1 ) = r, 
tr(£ A ) = 9, VA 



Then A T ' e is connected. 

Using |9j, Proposition 2.8 and Schauenburg's Theorem 5.5 [20j, we have the following result. 



n-E rtp 

Corollary 4.7. Let E E GL^b (C) , F £ 0GL d F(C) be two multimatrices such that 1 < 

A=i A m=i " 

d E ^dp, Tr(E~ ) = Tr(.F _1 ) and tr(E\) = tv(F^) for all A,/x. Then we have a C-linear equiva- 
lence of monoidal categories 

Comod(^ ollt (^ E ,tr E )) ~® Comod(A aut (A F ,tr F )) 

between the comodule categories of A au t(AE,t?E) and A au t(AF,tT F ) respectively. 
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Moreover, we have the following twisting result, inspired by [5]. 

Theorem 4.8. Let n 6 N. Then the H op f algebras A aut (C n ®C 4 ) and A aut (C n ®{M 2 {C), tr)) are 
2-cocycle twists of each other. In particular, they have monoidal equivalent comodule categories. 

We only sketch the proof of this result by giving the principal ideas but without performing 
the computations. One may also invoke |13j . Theorem 4.7. 

Proof. The first step is to give a new presentation of these Hopf algebras by using a different 
basis for the associated measured algebras. In the case of A = C n © C 4 , we use the linear basis 
given by the canonical basis on C n and the particular basis given in [5] Theorem 3.1. on C 4 , and 
when A = C n © (M2(C),tr), we use the canonical basis on C™ and the quaternionic basis used 
in [lU Proposition 3.2. on (M 2 (C),tr). 

The cocycle a is given by the composition of the non trivial 2-cocycle of the Klein group V 
(linearly extended to C[V]) and the Hopf algebra surjection (see [5] Theorem 5.1) 

^4aut(C n (M 2 (C),tr)) ^ aut (M 2 (C),tr) -> C[V] 

The computations show the existence of a Hopf algebra morphism from ^4 au t(C n © C 4 ) to 
^4aut(C™ © (M 2 (C), tr)) CT which is an isomorphism by Tannaka Krein reconstruction techniques. 

□ 

This result enables us to optimize the following result by including the quantum permutation 
group. 

Corollary 4.9. Let (Ae,^e) be a finite dimensional, semisimple, measured algebra of dimension 

n 

dim. Ae > 4, where E € ® GL d E(C) is a normalizable multimatrix. Then there exist q € C* 

A=l A 

and a C-linear equivalence of monoidal categories 

Comod(A aut (A E ,tr E )) ~® Comod(0(5O gV2 (3))) 

between the comodule categories of A au t(AE,t?E) and O (SO q i/2 (3)) respectively. If E is normal- 
ized, q G C* satisfies q 2 - Tr(# -1 )g +1 = 0. 

Proof. First assume that 1 < (Le- According to Remark I2.11| there exists a normalized multi- 

n 

matrix F € (J) GL d E(C) such that ^4 a ut(^4E; trg) = ^4 au t(^4_p, tr^r) as Hopf algebras. Choose 
A=i A 

q € C* such that Tr^F" 1 ) = q + q" 1 = tr(F\) for A = 1, ...,n. According to the previous 
corollary, we have a C-linear equivalence of monoidal categories 

Comod(A aut (A F ,tr F )) ~® Comod(^ aut (M 2 (C), tr,)). 

Hence according to Example 12.101 ([3]) we have a C-linear equivalence of monoidal categories 

Comod(A aut (A E ,tv E )) ^ Comod(0(SO ql/2 (3))). 

If E = (e, . . . , e) € (C*) m , then A E = C m = C™ © C 4 with n € N by assumption. Using 
Theorem 14.81 we have a monoidal equivalence 

Comod(A aut (A E ,tv E )) ^ Comod(A aut (C" © (M 2 (C),tr))) 

and we can apply the previous reasoning. □ 

In particular, Theorem 11.21 is a consequence of Corollary 14.91 
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5 50(3)-deformations: the general case 



We would like to say a word about the S'0(3)-deformations in the general case. Unlike in the 
compact case, we have not been able in general to associate a measured algebra (A, tp) to an 
arbitrary S'0(3)-deformation. This situation occurs because of the lack of analog of Lemma [3,21 
in the general case. However, it is possible to give some partial results and directions concerning 
the general classification problem. 

5.1 The representation theory of S'O 1/2(3) 

Recalling that O (SO 1/2(3)) is a Hopf subalgebra of 0(SL q (2)), it is possible to describe its 
corepresentation semi-ring, as follows: 

Theorem 5.1. Let q G C*. We say that q is generic if q is not a root of unity or if q G {±1}- 
If q is not generic, let N > 3 be the order of q, and put 

[N if N is odd, 
[N/2 if N is even. 

• First assume that q is generic. Then 0(SO q i/2(3)) is cosemisimple and has a family of 
non-isomorphic simple comodules (W n ) n ^ such that: 

W = C, W n ®Wi?iWi®W n 2iW n -i®W n ®W n+1 , dim(W n ) = 2n + l, Vn G N*. 
Furthermore, any simple 0(SO 1/ 2 (3)) -comodule is isomorphic to one of the comodule W n . 

• Now assume that q is not generic and that Nq = 2N\, N\ G N*. Then 0(SO 1/2 (3)) is 
not cosemisimple. There exist families {V n , n G N} ; {W n , n = 0, . . . , N\ — 1} of non- 
isomorphic simple comodules ( except for n = where Vq = Wq = C), such that 

V n ® Vi ~ Vx <g> V n ~ Vn-! © V n+1 , dim V n = n + 1, Vn G N*. 

Wn^Wi-W^Wn - W n .! © W n © W n+1 , dimW n = 2n + 1, Vn = 1, . . . , N x - 1. 

The comodule Wj\n-l ® Wi is not semisimple. It has a simple filtration 

(0) c W Nl - 2 © W Nl -! cY c Wati-1 © Wi 

with W Nt -x © Wi/Y ~ W Nt -x and Y/(W Nl - 2 © W Nl -i) ~ V x . 

The comodules W n © V m ~ V m © W n (m G N and n = 0, . . . , N\ — 1) are simple and any 
simple 0(SO 1/ 2 (3)) -comodule is isomorphic with one of these comodules. 

• Finally assume that q is not generic and that Nq = 2N\ — 1, N\ G N*. Then 0(SO 1/2(3)) 
is not cosemisimple. There exist families {V n , n G N}, {U n , n = 0, . . . ,Nq — 1} of vector 
spaces (with dimension dimVn = dim[/ n = n + 1) such that the families {V 2n , n £ N} 
{U 2n , n = 0, . . . , N± — 1} and {V 2n +i © U 2m +i, n G N, m = 0, . . . , Ni - 1} are non- 
isomorphic simple 0(SO 1/ 2 (3)) -comodules (except for n = where Vq = Uq = C) . They 
satisfy the fusion rules induced by 

V n ®Vxc±Vi®V n o± V n -\ © V n+ i, Vn G N* 

U n ® Ui ~ C/i © C/ n ~ C/ n _i © C/ n+ i Vn = 1, . . . , 7V - 1. 

TTie comodule t/jviVi— 1) © ^2 * s simple. It has a simple filtration 

(0) C l7 2 (JVi-2) C y C © c/ 2 

where ^(JVi-l) ® U 2 /Y ~ C^2(iVi-2) anc ^ Y/^2(Ni-2) — U\ ®V\. The comodules V n © 
C/ m ~ £/ m © (fflift n = m(mod2) J are simple, and any simple 0(SO \/ 2 (3)) -comodule is 
isomorphic with one of these comodules. 
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Proof. We first collect some facts about SL q (2), SO 1/2(3) and Hopf subalgebras. See |14] for 
the relations between SL q (2) and SO 1/2(3) and |15] for the corepresentation theory of SL q (2). 

• Let a, b, c, d be the matrix coefficients of the fundamental 2-dimensional 0(5L g (2))-comodule. 
Then 0(SO q i/2(3)) is isomorphic to the Hopf subalgebra of 0(SL q (2)) generated by 
the even degree monomials in a, b, c, d. Moreover, we have a Hopf algebra isomorphism 
0(SL q (2)f oC ^ ~ 0(50.1/2(3)). 



• When q is not generic, the matrix v = (fi/)i<ij<4 with v\\ = a N °, V12 = b °, v%\ = c N ° 
and V22 = d N ° is multiplicative, associated to the 0(5L (? (2))-comodule Vi. 

• Let A C B be a Hopf algebra inclusion. Then an A-comodule is semisimple if and only if 
it is semisimple as a 5-comodule. In particular, if B is cosemisimple, so is A. 

From those facts, we deduce that the 0(SO q i/2 (3))-comodules are exactly the 0(SL q (2))- 
comodules with matrix coefficients of even degree in a, b, c, d. The end of the proof comes from 
combining this with the results and proof from |15| . □ 



5.2 The general case 

The study of the fusion rules of 50(3) gives the following: 

Lemma 5.2. Let H be a SO (3) -deformation, with fundamental comodule (W,a). Then there 
exist morphisms of H-comodules 

e:W(g)W^C 5:C^W®W 
C :W ®W D :W ® W, 

a third root of unity w£C and a unique nonzero scalar r € C* satisfying the following compati- 
bility relations: 

(e ® idw)(idw <8> S) = idw (idw <8> e)(6 <8> idw) = idw (15a) 

D = (id w ®C)(5 ®id w ) (15b) 

CD = idw e $ = "dc (15c) 

C5 = eD = (15d) 

(id w ® C)(8®idw) = u(C <g>id w )(id w <B> 8) e(C <g> id w ) = ue(id w ® C) (15e) 

(id w ® e)(D <g>id w ) = uj(e®id w )(id w D) (idw ® D)S = lo(D ® id w )S (15f) 

Moreover, i/w/ 1, we have t = 2, and if u = 1, we have r/1 and 

(id w ®C)(D® id w ) = (C <8> idw)(idw <8> D) = (1 - r)~ 1 id H/ ® 2 + (r - l) _1 5e + DO (15g) 
(id w ® £>)£> = (1 - r)" 1 ^ ® idw) + (t - l) _1 (idw ® <5) + (D ® idw)£> (15h) 
0(idw ® O) = (1 - r) _1 (idw <g> e) + (r - l) _1 (e ® idw) + C(C idw) (15i) 

Proof. The fusion rules for 50(3) give: 

W ®W ~C®W ®W 2 H 

Then there exist i/-colinear maps e,6 and O satisfying (|15b ). and a scalar r € C such that 
ed = Tide. By cosemisimplicity, there exists 5' such that eS 1 = idc and by Schur's lemma, there 
exists a 6 C* such that <5' = a<5. Hence r / 0. Moreover, any rescaling of e and 5 that leaves 
(|15a ) intact also leaves r invariant, hence r only depends on i?. 

The rest of the proof follows the one of Lemma 13.31 but without Lemma 13.21 □ 
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In the rest of this paper, it seems convenient to distinguish the 5'0(3)-deformations by 
whether or not uj = 1. 

Notation 5.3. Let H be a S'0(3)-deformation. We say that H is of type I T if oj = 1, where 
r G C* is determined by H according to Lemma 15.21 Otherwise, we say that H is of type II (in 
that case, we always have r = 2). 

SO (3)-deformations of type I r are close to the compact case: 

Proposition 5.4. Let H be a SO (3) -deformation of type I r . Then there exist a finite dimen- 
sional, semisimple, measured algebra (A,ip) with dim A > 4, and a Hopf algebra morphism 
f '■ A au t(A, ip) —} H such that W C A is a A au t(A, (p)-subcomodule and (idvi/ ® /) a W = a 'w> 
where aw e t ct' w are the coactions on W of A au t(A,ip) and H respectively. Moreover, if t ^ — 1, 
we have {A, ip>) homogeneous. 

Proof. The construction is essentially the same as in the proof of Theorem II. li The only differ- 
ence is about the semisimplicity of the algebra. 

Let A be the ff-comodule C © W with dim A > 4. Endow A with the following ff-colinear 
maps: define a product and a unit by 

(A, v)(fi, w) = (Xfj, + (r - l)~ l e(v ® w), Xw + fiv + C(v <g> w)), 1 A = (1,0) 

and a measure ip : A — >• C by <p(X, v) = A. As in the proof of Theorem 11.11 and using relations 
(|15e i). (A,m,u,<p) is a finite dimensional measured algebra. 

Consider 6 : C -> A ® A defined by 5(1) = U ® U + (t - 1)5(1). Let id G W C A. Then in 
A ® A, we have 

u>$(l) = «;®l + l®(e® idiv)(idw ® + (r - 1)(C ® idw)(idw ® <5)(w) 

^ } w ® 1 + 1 ® it; + (r - 1)(C ® id^)(id w ® £)(«>) 

^ 1®io + w®1 + (t- l)(idiy ® C)(<5 ® id^)(w) 

1 ® w + (idw ® e)(<5 ® id w )(w) ® 1 + (t - l)(id w ® C)(<f ® idw)(«0 = 5(l)tu. 

Hence for all a £ A, we have a<5(l) = 6(1) a G A £g> A. Put r := (t + 1)~ 1 <5(1) so that m(r) = 1a 
and 

s : A — > A® A, a4 ar 

In view of the previous facts, s is a A-A-bimodule morphism, and mos = id A , then A is separable 
and is semisimple. 

Then (A, ip) is a finite dimensional, semisimple, measured algebra and there exists a multima- 



trix E G (J) GL d E(C) such that (.A, </?) ~ (A^tr^;). By construction of the structure maps, A is 
A=i A 

a iif-comodule algebra and (p is equivariant, thus by universality, there exists a Hopf algebra mor- 
phism / : A aut (A, ip) H such that (idw ® /) ° OA = cn^. Finally, H 7 = ker(<^) is a A aut (A, y>)- 
subcomodule of A, and by definition of the coactions on A, we have (idw ® /) QW = Q^F- 
Recalling Remark I2.8[ we can compute the quantities Tr^" 1 ) and tv(E\): 

. ^(U) = l = Tr(^ 1 ). 
• The map 

(/; : A A ® A ® A ^ igi^i-^C 

is a .ff-colinear map. Using Schur's lemma, we have dim(Hom#(A, C)) = 1, hence there 
exists c G C such that <p = op. Let us compute <p(1a) = t + 1 as in the proof of Theorem 
11.11 so <p = (t + l)(p. Comparing with the formula in Remark 12.81 we have tr(E\) = r + 1, 
for all 1 < A < n. Assuming r ^ — 1, (p is homogeneous. 
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To summarize, if r ^ -1, (A, ip) ~ (A fi ,tr E ) with Trf^" 1 ) ^ / tr(£ A ) = tr(^), for all 
1 < A,/i < n, that is, (^4, is normalizable by Remark 12.81 According to Remark 12.111 we can 
assume that (A,ip) is normalized. If r = —1, we have (A, p) ~ (^^tr^;) with Tr{E~ l ) ^ = 
tr(£ A ) = tr(^), for all 1 < A, p, < n. □ 

A consequence of this proposition is the partial classification result: 

Theorem 5.5. Let H be a SO (3) -deformation of type I r such that r ^ — 1. Then there exist 
a finite dimensional, semisimple, measured algebra (A, <p) with dim A > 4, and a Hopf algebra 
isomorphism A au t(A, p) ~ H 

Proof. Let us denote by (Wn)neN the family of simple iif -comodules, := W . According to 
Proposition [53 there exist a normalized algebra (A, p), with dimension > 4, and a Hopf algebra 
morphism 

f :A aut (A,p)^H 

such that f*(W A ) ~ W H . According to Theorem ll.2[ there exist q € C* and a monoidal 
equivalence 

Comod(A aut (A,p)) ~® Comod(0(50 gl/2 (3))) 

Let us denote by W A , V A and U A the ^4 au t(^4, </?)-comodules from Theorem 15. 11 If q is generic, 
then we have f*(W A ) ~ Wjf , Vn € N, so / induces a semi-ring isomorphism 1Z + (A au t(A, p)) ~ 
1Z + (H), and then by a standard semi-ring argument / : A au t(A,p) — > H is a Hopf algebra 
isomorphism. In the first case where q is not generic, we have /*(W r f ) — , VI < n < N± — 1. 
So we get: 

but on the other hand, using the simple filtration, we have: 



© ) ~ w Nl - ± e /,(Vi) e e w Nl - x . 

This contradicts the uniqueness of the decomposition of a semisimple comodule into a direct sum 
of simple comodules. In the last case, we have f*(Jj£n) — H 7 ^, VI < n < JVi — 1. Then we get: 

but on the other hand we have: 

mV-i) © - © f*{u? © e w^_ 2 . 

This also contradicts the uniqueness of the decomposition of a semisimple comodule into a 
direct sum of simple comodules. Then A au t(A,p) is cosemisimple, q is generic and / is an 
isomorphism. □ 



Appendix: Proof of lemma 14.5 

We begin by a particular case. 

Lemma 1. Let E,F £ ob(A). Assume that E\ is a diagonal matrix for all A = 1, . . . , tie, that Fn 
is a lower-triangular matrix for all p = 1, . . . , rip, that Tr^ -1 ) = Tr(.F _1 ) and tr(£\) = tr(i^) 
for all X,p. Then the algebra A(E,F) is nonzero. 

Proof. We want to apply the diamond Lemma [6], for which we freely use the definitions and 
notations of |14| (although there are a few misprints there). We have to order the monomials 
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Xfy . We order the set of generators with the following order (1 < X,u < rig, 1 <i,j < df, 
l<r,s<d^,l<n,ri<n F ,l<k,l<d^,l<p,q<d^) 

( (A, n) < (u, n) 

K J d < X pq% if \ (A,/x) = M) and (i,k) < (r,p) 

[ = (u,r]),(i,k) = (r,p) and (j,Z) > (s,g) 

Then order the set of monomials according to their length, and two monomials of the same length 
are ordered lexicographically. 

Now we can write a nice presentation for A(E,F) (dp := d^ F ,dE '■= d^ E ): 



(DL){ 



A ij,X kl,/i - °^°3^il,n ~ 2 / A u.A A fcl.» 

t=2 

rif — 1 

dpdp,np % 1 / j / j kk,/i / j kk,np 
fi=l k=l k<dp 



X 



(1) 

(2) 



X 



d E d E ,n E 



n E -l 



E d E d E ,n E {F i:j \- ^ ^ E tt^ X ij,\- E E tt}n E X ij,\ E ) ( 3 ) 
fi=l t=l t<d E 

v kp,/i v ql,u _ p -l /<- p Y kp,n Y ql,u \ ( ,\ 

A il,A A lj,A - t ll,\\° ^^Pl^ij^ ~ 2^ ^W",A A in,A A mj,Aj W 

(n,m)^(l,l) 

Then we have the following inclusion ambiguities: 



/ -v-ri^ t^1s,i/. -v-ri^ v^ s < u \ ly ri ' u y 

K^il,X ' ^lj,A ) ^ ^d F d F ,n F ' y ^d F d F ,n F 

r d E d E ,n E _ yd E d E ,n E y~ql,u 
il,A '^il,A ^li,A 

and the following overlap ambiguities: 



;X 



ls,u 



I v a E a E ,n E , v a E a E ,n E v qi,v\ / v Kp,[i v , 
l A il,A > A il,A A 1?,aJ i A il,A A lj,A 



kp,/i v d E d E ,n E _ -yd E d E : n E > 
' A lj,A 



/ -v^rl,^ T^rl,f t^Is,^ 

\ d F dp,n F ' d F dp,n F 

( vd E d E ,n E _ Y-d E d E ,n E \ 
\ dpdp,np ' dpdp,rip ) 



/ y-rl,u y'Ls, 1 ' . yls,v ypq,r/\ 
^fcl,u' ' 



y X il,\ A lj,\' A lj,X A pq,v) 



Let us show that all this ambiguities are resolvable (recall that "— >" means we perform a 
reduction) : 

Nl,A lj,A ' ^ v il,A lj,X , 



Let us begin by the ambiguity (X^'^X^^; X ii\ X u'\)- On the first hand, we have: 



2^ nm <^ in,\ rnj,\ ^-> v ) 

(n,m)^(l,l) 

(2) ^ 
(n,m)/(l,l) t=2 

(n,m)^(l,l) *=2 (n,m)^(l,l) 

(n,m)^(l,l) *=2 
and on the second hand, we have: 
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(4 



X il,X X lj,X+ X ij,X 

t=2 

d E 

F ll,X ( E^ XI F ™^Kn"x X mj,X + E tt,v X ™x) + ^H.A^a) 
*=2 (n,m)^(l,l) 

t=2 (n,m)^(l,l) 

=^Tm ( E E + ^ ii,a + E ^ - 

t=2 (n,m)^(l,l) 

because tr(E v ) = tr(F\) by assumption. 

Let us show that the ambiguity (X rl ^ X\ S, K ; X\ S 'K ) is resolvable. On the first hand 

° J v jj 5 a dpdp,npi dpdp.np) 

we have: 

nj? — 1 ^ 

~ 2^ l^ X ij,X X kk,iL - 2_> A ii,A A fcfc,n F + ^ls A ij,A 
£t=l fc=l fc<dp 

(1) \ "» \ \ ^ v-rt,!/ -i^ts,^ r r v rs ^\ i \ /\ "* v rt,v v ts,v x x v rs,u \ . x v rl,u 
2_> 2^2-> X ij,X X kk,n ~ d ^ 6 jk X ik,x) + 2_> ^ X ij,X X kk,n F ~ 6 ^n F 0jkX iknF ) + ls X ijX 
fj,=l k=l t=2 k<d F t=2 

np-l < d E njr-1 < 

\ " \ \ v rt,i> v ts,u | \ \ ^ v rt,u v ts,u \ " \ ^ x x v rs,u \ " x x v rs,u 

- 2^ 2^2^ x ij,x x kk^ + 2^ 2^ x ij,x x kk,n F - 2^ 2^ d ^ d ^ x ik,x - 2^ dA «F () i fcA ifc,n F 

p=l fc=l t=2 fc<d F t=2 ju=l k=l k<d F 

+ ^*£a 

~ 2^ l^l^ X ij,X X kk,u + 2^ Z_^ X ij,X X kk > n F - Z^2^ dx V d ikX ikx 

H=l k=l t=2 k<d F t=2 u=l k=l 

+ hn F 5jd F X ldp,n F + 5 ^ X ijX 

np-l d F d E d E d E 

\ ~* \ * \ * v rt,u v ts,u . \ ^ \ v rt,u v ts,u \ * x v rt,u . x x v rs,u 

~ 2^ 2^2^ X ij,X X kk,u + 2^ 2^ X ij,X X kk,np - Z^° tsX ijA + dXn F°jdF*idp,n F 
u=l k=l t=2 k<d F t=2 t=2 

On the other hand, we have: 

Eyrt,v Y ts , l/ i x x y ts,u 

^■ij,X^-dpdp,n F °^npOjd F ^-idp !n p 

t=2 

d? np-l < 

~^ 2^ A ij,A I 2^ 2^ + 2^ X kk,n F ~ d ts) + d Xn F 0jdpX idF nF 

t=2 n=l k=l k<d F 

np-l ^ d^ d^ 

_ \ * \ * \ * v rt,u v ts,u . \ \ ^ v rt,u v ts,u \ * x v rt,u . x x Y rs,v 

- / , / , 2^ X ij,X X kk,u + 2-^ 2^ X ij,X X kk,n F ~ 2-^° ts + dXn F d jdp X idp,np 
t=2 a=l k=l t=2 k<d F t=2 

The ambiguity { X ^ F '^ F nF i X dpdF n F X ij x) 1S res °l va ble by the same kind of computations. 

Let us show that the ambiguity (xff^ E ' nE ] xf^^ E,nE xfj U x ) is resolvable. On the first hand 
we have: 
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in, A 



p— 1 / 77 v d E d E ,n E yql,v , c p yC^iA 

r ll,Al 2_^ rnm ^in,X ^mj,X> °ri E u^d E q,v^ij y \ ) 

(n,m)^(l,l) 

(3) M 

^ F ll,X E d E d E ,n E {Sn E Jd E qXf^ V + ^ F nm ,A ( ^ ^ E ttln X ti 

(n,m)^(l,l) /u=l t=l 

1 p-1 ytt,n E _ p-1 \ y-gZ,^ \ 

2_> ^ttjUB in,X r in,X)^mj,XJ 
t<d E 

n E ~l dp 

=F ll,X E d E d E ,n E {5n E v$d E q X i^\ + ^ fiim,A^tti-^in'i 

(n,m)^(l,l) |U=1 t=l 

+ XT XT Fnm ^ E tt)ri E X in,X E ~ X ^™ m . A ^in,A^mj-,A) 
(n,m)^(l,l) t<ds (n,m)^(l,l) 

and on the other hand: 

n E —l d^ 

TP ( T?~ l Yl^ v V" 1 IT— 1 vtt,n Y ql,v ST~^ p-l ytt,n E v ql,u\ 

^d B d B ,n B ^ii,A A lj,A ~ 2^ 2^ «^ A «l,A A lj,A ~ 2 ^ ^tt,n E ^il,\ Ji lj,\) 

[i=l t=l t<d E 

n E -l < 

- 4 ^dB,ni 5 ^ll ) A( i< ll,A^i,A A lj,A+ 2-> l^ E tt^\ 2^ nm < x in,X rnj,X ' V kq^ 



H=l t=l (n,m)^(l,l) 

1 \^ 771—I / \ p y-tt,n E y ql,f , c rp v tl,n E \ 

' 2_> a tt,nE\ 2_> r "^. AyV in,A ^mj,A °n E u-^tq,n E ^ij^x ) 



t<d E (n,m)^(l,l) 

n B -l d^ 



~- E dEd E ,nE F ll]\( F n,\Fa*x X lj!\- X] ^2 S ^ E tt^ E tq,iy X ij%- X ^E^ E tt}n E E tq,u X t 



7-tl,n E 

Ai=l t=l t<d E 

n E ~l d^ 



+ X/ X X/ E tt4i E nm,X X in^x X mj,X + X] X E ttsiE Fnm > xX in,X E X mj,X 
fj,=l t=l (n,m)^(l,l) i<d B (n,m)^(l,l) 

n^; — 1 

=E ll,\ E d E d E ,n E (^n E u^d E qX i ^ + ^ ^ ^ F nm,X E tt}u X in1 

(n,m)^(l,l) M=l *=1 

+ XT XT Fnm ^ E tt,n E X in% E ~ X E nm,X E i nj x X mj,x) 
(n,m)^(l,l)t<d E (n,m)/(l,l) 

The ambiguity (Xgf Xfjf 3 '^; xf^ B ' nE ) is resolvable by the same kind of computations. 

Let us show that the ambiguity (^dpdpnp'^dpdp'np) ^ s resolvable. On the first hand we 
have: 

rip — 1 

Y d E d E ,n E _ ST~^ yd E d E ,n E , -, 
/ j 2_> kk,n 2-^i kk,n F ' x 

£t=l k=l k<dp 

np-1 d E n E -l df 

-^ E d E d E ,n E { - X, X^~ X XI E tt\ X kk, l J. ~ X! E tt]n E X kk^ + F kk\) 
/j,=l k=l A=l t=l t<d E 

"B-l d \ 

Ef_ V V p- 1 ^"' A _ V p- 1 y-**." 1 ^ 1 p-i \ 1 p-i ^ 
^ 2^ 2^ «,A ^kk,n F u ^ n E kk,np^~ r kk,n F )^~ I2j d E d E ,n E J 

k<dp A=l i=l t<d B 
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np — 1 n B -l d® np — 1 ^ rip— 1 

=E dEdE , nE { 2 2 2 2^,A x fc/d + 2 2 2 E tt!n E x kCv ~ 2 tr ( i v 1 ) 

/i=l fe=l A=l t=l £i=l k=lt<d E H=l 

+ 2 2 2 ^tt.X^kk.nv ~ 2 2 E tt,n R X kk.n v + ^dwdw.nw ~ tr (-^«F ) + ^d E d E .nJ 
fc<cip A=l t=l fe<dir t<dB 

njr— 1 ^ ng-1 <lf n F — l dp n£ _i 

=Ed E d E ,n E { 2 2 2 2 E tt _x x kk. t j, + 2 2 2 ^tt,n E x kk \^ + 2 2 2 E tL \X kknw 

M =l fc=l A=l i=l /i=l k=lt<d E k<d F A=l t=l 

~ 2 2 E tt}i E X kk,np + F dpd F ,n F + E d E d E ,n E ~ ^{F *)) 
k<dp t<d E 

and on the other hand: 



n E — l dp 

tp ( — V f _1 y^'^ _ f _1 Y u ' nE -i- p 1-1 ^ 

^d E d E ,n E \ Z^i tt,^ dpdp,n F 2—/ tt,"-E dpdp ,n F ' r dpdp ,n F J 

A=l t=l t<dj5 

rt£ — 1 rip— 1 <^ 

-+E dEdEjnE (- 2 2- b «,a( _ 2 2^wU _ 2 x fcln F + i ) 

A=l t=l ^=1 fc=l fe<a! F 

n F — 1 

/_ ytt,n E _ ST~^ ytt,"B i -i \ , p-1 \ 

^.njil Z_^t 2-^i ^kk,n F ^ L ) ^ r d F d F ,n F ! 

t<d E u=l k=l k<d F 

np— 1 ^ n E — l dp n F — l dp ^ 

=Fd E d E ,n E { 2 2 2 2 F tt \x kk u + 2 2 2 E tt}n E x kk\^ + 2 2 2 F tt \x kk \ njr 

11=1 k=l A=l i=l £t=l k=lt<d E k<d F A=l t=l 

_ 2 2 E tt]n E X kk\n F + F d ^ dp nF + F d ^ dE nE - Tv(E X )) 
k<dp t<d E 

np — 1 dp n E — l dp n F — l dp n E — l dp 

=Fd E d E ,n E { 2 2 2 2 ^tt,A^fcfc,// + 2 2 2 E tt]n E X kk \^ + 2 2 2- g tt.A^fcfc.n F 
At=l fc=l A=l *=1 u=l k=lt<d E k<d F A=l t=l 

~~ 2 2 E tt% E X kk\np + F dp 1 dF TlF + E dFdE TlE - Tr(F 1 )) 

k<d F t<d E 

because Tr(.E _1 ) = Tr^ -1 ) by assumption. 

Now, let us show that the ambiguity {X^'^X^ V ; X k ^ v X^f^) is resolvable. On the first hand 
we have: 

p-l l _ ST^ P yrl,v yls," yW,»; I J p Y rl > u Y lq > u \ 
r ll,/J, \ rnm ^^ij,\ ^kn,n ml,Ti ^ ""V^sp^ij^ ^kl,n J 

(n,m)^(l,l) 

(1) 

"^IbM ( 2 ^«^.At(2^A^fc!^ - ^^fc^,p- X '^',Z 
(n,m)^(l,l) t=2 

t=2 
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t=2 



d E 

- A, A , TP yrs,v y-pqw , TP v rt ' u y ts ' u vV1,V 

(n,m)^(l,l) (n,m)^(l,l) t=2 

And on the other hand, we have: 

d E 

t=2 



p -l /V~^ p y-T-t.v T^ts.v T^pg.r; c p -^rt,^ y-t 



1 nm,iisi i j X si kn ^sv Jnl41 t uurj^sp^^ij^x^ 
t=2 ( n ,m)^(l,l) 

= ^11^ {^^\p^jkE S p^ii^ - SyqEsp^ X ij'x X kl\ii 

t=2 

d E 

- A, A , P y rs . y yP9fl j_ p y-rt,v y ts,u Y pq,v 

(n,m)/(l,l) (n,m)^(l,l) t=2 

The last ambiguity (X^^X^^; X^^Xpq^) is resolvable by the same kind of computations. 

Then all the ambiguities are resolvable. According to the diamond lemma, the set of reduced 
monomials forms a linear basis of A(E, F). In particular, the algebra A(E, F) is nonzero. □ 

We have the following isomorphism: 

tie np 

Lemma 2. Let E,P G 0GL d s(C) ; F, Q G 0GL rf f(C). T/ien f/ie algebras A(E,F) and 

x=i x 

A(PEP~~ 1 jQFQ^ 1 ) are isomorphic. 



Proof. Let us denote by Y-.'J^ the generators of A(PEP 1 , QFQ 1 ). They satisfy the relations: 



/' 

A • 



d E n F d E 

Eyrq,Vyqs,v _ Sj Sj .,V rs ' u V V" V ij ' X ~ ■ ■ 

g=l /^=1 fc=l 

n E d E d F 

Y, T,( PEp - 1 )u, t J^ = WQ-%\, E (QFQ-'UxY^Y^ = S^PEP-^Y^ 

fi=l k=l r,s=l 

This ensures the existence of an algebra morphism / : A(E, F) — > A{PEP~ l , QFQ" 1 ) by setting 

df, < 

f( X ij'D = E E Puk ^ P lv,iXrs,X Q ir,xQ sj,X- 
r,s=l u,v=l 

The inverse map is given by 

/ 1 (^ij,A M ) = E E P uk] l iPlv,fiX rs fQ i ^\Q s 1 y 



r,s=l u,v=l 

□ 
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We can now prove Lemma 14.51 

TIE TIF 

Proof. Let E G @GL dE (C), F G ©GL d F(C) G o&(.A) be such that T^P" 1 ) = Tr(F^) and 

A=l A m=1 M 

tr(E\) = tr(P«) for all A,//. According to the previous lemma, let P G 0GL d £(C) and Q G 

A=i A 

up n E 

GL d F (C) be such that PPP~ X and QFQ~ l are lower-triangular and let M G GL d E (C) be 

A*=l " A=l A 

diagonal such that Ti^P" 1 ) = Tr(M _1 ) and tr(P^) = tr(M„) for all A, fi. According to Lemma[I] 
the algebra A(M, QFQ^ 1 ) is nonzero, and so is A(M,F). According to [9], Proposition 2.15, 
A(E, F) is nonzero. □ 

Remark 5.6. We could have defined a bigger cogroupoid A such that ob(A) = {E G GL d E (C)}. 

A=i x 

In that case, P = (Pi, . . . , P n ) G (C*) n is normalized if and only if Pi = • • • = P n = /, and 
AsLut(AF, tTp) = A gLU t(C(X n ),tp) where X n = {x%, . . . , x n }. The previous proof no longer works 
because the relations lead to more ambiguities, which are no longer resolvable. 
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